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ON NILPOTENT AND SOLVABLE QUOTIENTS OF PRIMITIVE GROUPS
THOMAS MICHAEL KELLER AND YONG YANG
Abstract. It is shown that if G is a primitive permutation group on a set of size n, then any nilpotent
quotient of G has order at most nβ and any solvable quotient of G has order at most nα+1 where β =
log 32/ log 9 and α = (3 log(48) + log(24))/(3 · log(9)). This was motivated by a result of Aschbacher and
Guralnick [1].
1. Introduction
In [1], Aschbacher and Guralnick studied the maximum abelian quotient of permutation
groups and linear groups. They showed the following results.
Theorem 1∗. Let G be a primitive permutation group on a set of finite order n. Then
|G : G′| ≤ n.
Theorem 2∗. Let G be a permutation group on a finite set of order n. Then |G : G′| ≤ 2n−1.
Theorem 3∗. Let V be a finite dimensional vector space over a finite field of characteristic
p and G a subgroup of GL(V ). If Op(G) = 1, then |G : G
′| < |V |.
It is natural to ask what one can say about the maximum nilpotent quotient or maximum
solvable quotient in the same context. Let G be a finite group. We denote G∗ to be the
normal subgroup of G such that G/G∗ is the maximum nilpotent quotient. We denote GS
to be the normal subgroup of G such that G/GS is the maximum solvable quotient. Let
β = log 32/ log 9, α = (3 log(48)+log(24))/(3 · log(9)) and λ = (24)1/3. In this note, we show
the following results.
Theorem 1. Let G be a primitive permutation group on a set of finite order n. Then
|G : G∗| ≤ nβ/2 and |G : GS| ≤ nα+1/λ.
Theorem 2. Let G be a permutation group on a finite set of order n. Then |G : G∗| ≤ 2n−1
and |G : GS| ≤ λn−1.
Theorem 3. Let V be a finite dimensional vector space over a finite field of characteristic
p and G a subgroup of GL(V ). If Op(G) = 1, then |G : G
∗| ≤ |V |β/2 and |G : GS| ≤ |V |α/λ.
Theorems 2 and 3 are needed to prove Theorem 1. Theorem 3 depends on the classification
of simple groups (one needs to know the relative sizes of outer automorphism groups, degrees
of permutation representations, and dimensions of modules).
The results of Aschbacher and Guralnick were motivated in answering a question of Tam-
agawa, which was prompted by [3]. A minor modification of the argument in [3] shows that
|G : G∗(H ∩Hg)| ≤ |G : H|. This was first observed by D. Cantor in the following form: If
α and β are conjugate over a field K, then any abelian extension L/K with L ⊂ K(α, β)
satisfies |L : K| ≤ |K(α) : K|. The field theoretic version of Theorem 1 is:
Corollary 4. Let K be a field with M/K a minimal extension. If L/K is an nilpotent
extension with L contained in the normal closure of M , then |L : K| ≤ |M : K|β/2. If L/K
is a solvable extension with L contained in the normal closure of M , then |L : K| ≤ |M :
K|α+1/λ.
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In order to prove these results, we need the following Lemmas.
Lemma 1.1. Let π = G → A be a surjective group homomorphism and K = Kerπ. Then
|G : G∗| = |A : A∗||K ∩ G∗| ≤ |A : A∗||K : K∗| and |G : GS| = |A : AS||K ∩ GS| ≤ |A :
AS||K : KS|.
Theorem 1.2. Let G be a group which is not cyclic of prime order. Then G has a proper
subgroup H such that |H| ≥ |G|1/2.
Proof. This is the main theorem of [4]. 
Lemma 1.3. Let G be a finite group and V a finite irreducible faithful G-module. Then
(GV )∗ = G∗V .
Proof. Clearly (GV )/(G∗V ) is nilpotent, so (GV )∗ is a subgroup of G∗V .
Also clearly G∗ is a subgroup of (GV )∗, so it remains to show that V is a subgroup of
(GV )∗.
Let W be the intersection of V and (GV )∗. We want to show that W = V and, working
towards a contradiction, assume W < V .
Since G acts on W and V is irreducible, we conclude that W = 1. Therefore (GV )∗ and
V are normal subgroups of GV which have trivial intersection. Hence [(GV )∗, V ] = 1, and
as V is a faithful G-module, this implies that (GV )∗ ≤ V . So as W = 1, we altogether get
(GV )∗ = 1, so that GV is nilpotent. As V is a faithful G-module, this forces GV to be a
p-group, where p is the characteristic of V . But a p-group does not have a faithful irreducible
module in characteristic p, so GV = V . Then W = V > 1, a contradiction. 
2. Main Theorems
Theorem 2.1. Let G be a group of permutations on a set S of order n. Then |G : G∗| ≤ 2n−1.
Proof. The proof is by induction on |G|. So assume G is a minimal counterexample.
Step 1. G is nilpotent. If not, choose M maximal in G with G =MG∗. Then |G : G∗| =
|M :M ∩G∗| ≤ |M :M∗| ≤ 2n−1 by induction.
Step 2. G is transitive on S. If G acts on a proper subset Y of S with 0 6= m =
|Y | < n, then apply Lemma 1.1 with π the representation of G on Y to obtain |G : G∗| ≤
2m−12(n−m−1) < 2n−1. Similarly, if G is a p-group, we see that G is transitive.
Step 3. G is a p-group for some prime p. If not then G = P ×Q where P is a p-group and
Q is a p′-group. Let H = Gx be the stabilizer of x in S. Then H =M ×N with M = H ∩P
and N = H ∩Q. Note that P acts faithfully on the cosets of M as does Q on the cosets of
N . So |G : G∗| = |P : P ∗||Q : Q∗| ≤ 2a−12b−1 < 2n−1, where a = |P :M | and b = |Q : N |.
Step 4. Since n is a positive integer, we write n to the base p:
n = n0 + n1p+ n2p
2 · · ·+ nkp
k where 0 ≤ ni < p for each i.
Then the Sylow p-subgroups of Sn have order p
ν(n) where ν(n) = n1+n2(p
2−1)/(p−1)+
· · · + nk(p
k − 1)/(p − 1). If ni ≥ 1, then p
ni(p
i
−1)/(p−1) ≤ 2ni(p
i
−1) ≤ 2nip
i
−1 for all p. This
implies that pν(n) ≤ 2n−1 for all p. 
Theorem 2.2. Let G be a primitive permutation group on a set S of order n. Then |G :
GS| ≤ λn−1.
Proof. By [7, Corollary 1.4], we know that G either contains An or is one of the groups in
the exceptional list. If G contains An, then |G : G
S| ≤ 2 ≤ λn−1. If G is one of the groups in
the exceptional list, it is easy to check using GAP [5] that it satisfies the requirement. 
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Theorem 2.3. Let G be a group of permutations on a set S of order n. Then |G : GS| ≤
λn−1.
Proof. The proof is by induction on |G|. So assume G is a minimal counterexample. Thus
G is primitive on V . Proof. If not, there is a nontrivial decomposition S =
⋃
i Si with
G permuting X = {S1, . . . , Sr} and NG(S1) acting primitively on S1 where |S1| = m and
n = mr. Let π be the permutation representation of G on X and K = ker π. Set K0 = K
and Ki+1 = {g ∈ Ki | g acts trivially on Si+1}. By Lemma 1.1, |G : G
S| = s0s1 . . . sr, where
s0 = |G : G
SK| and si = |Ki−1 : (Ki−1 ∩G
S)Ki| ≤ |Ki−1 : K
S
i−1Ki| for i ≥ 1. By induction,
s0 ≤ λ
r−1, si ≤ |Ki−1 : K
S
i−1Ki| ≤ λ
m−1, thus |G : GS| ≤ λn−1. 
Lemma 2.4. Let L be a finite nonabelian simple group and M a proper subgroup of L with
|L :M | = k.
(1) If L 6∼= A6, then 2|OutL| < k.
(2) 2|OutL| < kβ, λ|OutL| < kα ≤ |L|α/2 and 2|OutL| <
√
|L|.
(3) If L ≤ PSLd(q), then 2|OutL| < q
d/(q − 1).
Proof. This follows from [1, Lemma 2.7] and Theorem 1.2. 
Theorem 2.5. Let F be a finite field of characteristic p, V is a finite dimensional vector
space over F, and G ≤ GL(V ). Assume Op(G) = 1. Then |G : G
∗| ≤ |V |β/2 and |G : GS| ≤
|V |α/λ.
Proof. Let (G, V ) be a minimal counterexample to
(4.1). Clearly G is nonabelian.
(4.2). G acts irreducibly on V . Proof. If not, choose 0 = V0 < V1 < · · · < Vd = V
with Vi G-invariant and Wi = Vi/Vi−1 G-irreducible. Since Op(G) = 1, G acts faithfully on
W = W1 ⊕ · · · ⊕Wd. So we can assume V is a semisimple module. Let U be an irreducible
submodule where π is the representation of G on U . Thus if K = ker π, |G : G∗K| ≤ |U |β/2
and |G : GSK| ≤ |U |α/λ. Since Op(K) = 1, K acts faithfully on V/U . So by minimality,
|K : K∗| ≤ |V/U |β/2 and |K : KS| ≤ |V/U |α/λ, whence |G : G∗| ≤ |V |β/2 and |G : GS| ≤
|V |α/λ.
(4.3). G is primitive on V . Proof. If not, there is a nontrivial decomposition V = ⊕iVi
with G permuting X = {V1, . . . , Vr} and NG(V1) acting primitively on V1. Let π be the
permutation representation of G on X and K = ker π. Set K0 = K and Ki+1 = {g ∈ Ki | g
acts trivially on Vi+1}. By Lemma 1.1, |G : G
∗| = k0k1 . . . kr, where k0 = |G : G
∗K| and ki =
|Ki−1 : (Ki−1 ∩ G
∗)Ki| ≤ |Ki−1 : K
∗
i−1Ki| for i ≥ 1. By Lemma 1.1, |G : G
S| = s0s1 . . . sr,
where s0 = |G : G
SK| and ki = |Ki−1 : (Ki−1 ∩ G
S)Ki| ≤ |Ki−1 : K
S
i−1Ki| for i ≥ 1. By
Theorem 2.1, k0 ≤ 2
r−1. By Theorem 2.3, s0 ≤ λ
r−1.
SinceNG(Vi) acts primitively on Vi andK⊳NG(Vi),K acts homogeneously on each Vi. IfK
is not irreducible on V1 (and so not on each Vi), then ki ≤ |Ki−1 : K
∗
i−1| ≤ |W |
β/2 ≤ |Vi|
β/2
and si ≤ |Ki−1 : K
S
i−1| ≤ |W |
α/λ ≤ |Vi|
α/λ, where W is a K-irreducible subspace of V1.
Thus |G : G∗| ≤ 2r−1(|Vi|
β/2)r = |V |β/2 and |G : GS| ≤ λr−1(|Vi|
α/λ)r = |V |α/λ.
So assume K acts irreducibly on Vi, then ki ≤ |Ki−1 : K
∗
i−1Ki| ≤ |Vi|
β/2 and si ≤ |Ki−1 :
KSi−1Ki| ≤ |Vi|
α/λ by induction, and |G : G∗| ≤ |V |β/2, |G : GS| ≤ |V |α/λ as above.
(4.4). If D⊳G, then D acts homogeneously. In particular, if D is abelian, then D is cyclic.
Proof. Apply (4.3).
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(4.5). If D is a noncyclic normal subgroup of G, then D acts irreducibly on V and
CG(D) is cyclic. Proof. By (4.4), D acts homogeneously. So assume V = V1 ⊕ · · · ⊕ Vm,
Vi ∼= Vj as irreducible D-modules. Let E = EndFDV1 with q = |E| and m > 1. Set
U = V1. Let α : D → GL(U) be the representation of D on U . Let Γ be the normalizer
of Dα in GL(U) and S the centralizer of Dα. Since gV1 ∼= V1 as FD-modules for each
g ∈ G, we can define π : G → Γ/S by gπ = Sx where α(g−1hg) = x−1α(h)x. Note
K = ker π = CG(D). Let M be the inverse image of Gπ in Γ ≤ GL(U). By minimality,
|G : G∗K| ≤ |M : M∗| ≤ |U |β/2 and |G : GSK| ≤ |M : MS| ≤ |U |α/λ. Since K = CG(D),
there exists a faithful representation β : K → GLm(E). By minimality, |K : K
∗| ≤ qβm/2
and |K : Ks| ≤ qαm/λ. Thus |G : G∗| ≤ |U |βqβm/2 ≤ |U |βqβ(2m−2)/2 ≤ |U |βm/2 = |V |β/2
and |G : GS| ≤ |U |αqαm/λ ≤ |U |αqα(2m−2)/λ ≤ |U |αm/λ = |V |α/λ.
Let T be a maximal normal cyclic subgroup of G. If T = CG(T ), then G ≤ Γ(V )
and |G| | n(pn − 1). It is clear that n(pn − 1) ≤ pnα/λ for all p, n. It is also clear that
n(pn − 1) ≤ pnβ/2 for all p, n except when p = 2, n = 2, 3, 4, 5 or p = 3, n = 2.
Thus we may assume that T 6= CG(T ).
Now choose D minimal subject to D ≤ CG(T ), D ⊳ G, and D is nonabelian. Thus by
(4.4), (4.5), and the maximality of T :
(4.7). Z(D) is the largest characteristic abelian subgroup of D, Z(D) is cyclic, D acts
irreducibly on V , and T = CG(D).
(4.8). Either
(4.8.1) D is the central product of quasisimple subgroups L1, . . . , Lr permuted transitively
by G, or
(4.8.2) D = PZ(D) with |P | = p1+2w and P an extra-special p-group and either Z(D) =
Z(P ) or p = 2 and Z(D) ∼= Z4. Moreover, G is irreducible on D˜ = D/Z(D).
Proof. This follows from (4.7) and the minimal choice of D.
(4.9). (4.8.2) holds. Proof. Assume (4.8.1) holds. LetX = {L, . . . , Lr}, π the permutation
representation of G onX and K = ker π. By (4.5), D acts irreducibly on V . Let E = EndDV
and set q = |E|. Since V is absolutely irreducible over E, V = V1 ⊗E · · · ⊗E Vr where Vi is
an absolutely irreducible Lˆi-module (where Lˆi is the covering group of Li). Let d = dimE Vi.
Then |V | = qd
r
and EndL1V1 = E. By Lemma 2.4(iii), 2k < q
d/(q − 1), where k = |OutL1|.
In particular, (2k)r(q − 1) < qd
r
= |V |. Since T = CG(D) by (4.7), it follows that |T | < q,
|K : K∗(T ∩K)| ≤ kr and |K : KS(T ∩K)| ≤ kr. By Theorem 2.1, |G : G∗K| ≤ 2r−1. By
Theorem 2.3, |G : GSK| ≤ λr−1. Thus |G : G∗| ≤ 2r−1kr(q − 1) = (2k)r(q − 1)/2 ≤ |V |β/2
and |G : GS| ≤ λr−1kr(q − 1) = (λk)r(q − 1)/λ ≤ |V |α/λ.
(4.10). Let q = |EndDV |. Then q > |CG(D)|, |V | ≥ q
pw , and q ≡ 1 mod p.
Proof. Clearly q > |T |. Since F is a faithful D-module, the second inequality holds. Since
AutpV ≥ Z(D), q ≡ 1 mod p.
(4.11). CG(D˜) = DCG(D).
Proof. Any automorphism of D which is trivial on D must be inner.
Now G acts irreducibly on D˜. Since D ≤ G∗Z(D) by Lemma 1.3, it follows by the
minimality of (G, V ) that |G : G∗CG(D˜)| ≤ |D˜|
β/2. Thus |G : G∗| ≤ (|D˜|β/2) · |CG(D) :
CG(D)∩G
∗| ≤ p2βw/2 · (q− 1) < qβp
w
/2 ≤ |V |β/2. Also, |G : GS| ≤ (|D˜|α/λ) · |DCG(D)| ≤
p2αw/λ · p2w(q− 1) < qαp
w
/λ ≤ |V |α/λ unless p = 2, q = 3, w = 1. For this special case, one
may check the result by direct calculation. 
Lemma 2.6. Let G be a primitive permutation group of degree n on a set S. Then either
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(1) |G : G∗| ≤ nβ/2 and |G : GS| ≤ nα/λ; or
(2) G preserves an affine structure on S.
Proof. Assume (2) does not hold. First consider the case where F∗(G) = D = L1 × · · · × Lr
is the product of r nonabelian simple groups Li permuted transitively by G. It follows by [2,
Theorem 1] that either n = kr for k = |L1 : M | for some proper subgroup M of L1 or that
n = ls ≥ lr/2 where l = |L1| and r ≥ 2. Let K =
⋂
iNG(Li). By Theorem 2.1, |G : G
∗K| <
2r−1. Moreover, K/D ≤ OutL1 × · · · × OutLr. If r = 1, then |G : G
∗| ≤ |OutL1| < k/2 by
Lemma 2.4(1) unless L1 ∼= A6. If L1 ∼= A6, then either k = 6 and |G : G
∗| ≤ 2 or k > 8
and |G : G∗| ≤ 4. If r > 1, then |G : G∗| = |G : G∗K||K : K ∩ G∗| ≤ 2r−1|OutL1|
r and
|G : GS| = |G : GSK||K : K ∩ GS| ≤ λr−1|OutL1|
r. If n = kr, then Lemma 2.4(2) implies
|G : G∗| ≤ nβ/2 and |G : GS| ≤ nα/λ. If n = ls, s ≥ r/2, then |G : G∗| ≤ (2|OutL1|)
r/2 <
lr/2/2 < nβ/2 and |G : GS| ≤ (λ|OutL1|)
r/λ < lαr/2/λ ≤ nα/λ by Lemma 2.4 (2).
By [2], the only case left is when F∗(G) = Q = R ×D, where R ∼= D and D is as above.
Moreover, if H is a point stabilizer, then G = HD and H ∩Q = {(x, λ(x)) | x ∈ R} for some
isomorphism λ of R and D. In particular, n = |D| = lr where l = |L1|. Arguing as above,
we see that |G : G∗| ≤ lr/2/2 < nβ/2 and |G : GS| ≤ lαr/2/λ < nα/λ. 
Theorem 2.7. Let G be a primitive group of permutations on a set S of order n. Then
|G : G∗| ≤ nβ/2 and |G : GS| ≤ nα+1/λ.
Proof. By Lemma 2.6, G preserves an affine space structure on S. Thus F∗(G) = V is an
m-dimensional vector space over F = GF(p) for some prime p, with V regular on S and
G = HV , where H = Gx is the stabilizer of some x ∈ X and H is an irreducible subgroup
of GL(V ). Then n = |V |. We can assume H 6= 1.
|G : G∗| = |H : H∗| by Lemma 1.3 and |H : H∗| < nβ/2 by Theorem 2.5. |G : GS| ≤ |H :
HS||V | ≤ nα+1/λ by Theorem 2.5. 
3. Examples
In this section, we shall provide some examples to show that our results are in some sense
the best possible.
Remark: Theorem 3 may be viewed as the generalization of [6, Theorem 3.3 and The-
orem 3.5(a)]. [6, Theorem 3.3] is the best possible as the following example shows us.
G ∼= GL(2, 3) ≀ S4 acts on V = F
8
3. [6, Theorem 3.5(a)] is the best possible as the fol-
lowing example shows us. G ∼= Γ(32) acts on V = F23.
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